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SUMMARY 

An a l t e r n a t e  method t o  th rus t  termination f o r  b a l l i s t i c  miss i les  i s  
presented whereby the t h r u s t  vector i s  ro ta ted  t o  the in sens i t i ve  direc-  
t ion .  
th rus t .  The chief advantages of this method, i n  addi t ion t o  a l l e v i a t i n g  
the  requirement on elaborate th rus t  cutoff devices required f o r  some 
propulsion systems, a r e  t h a t  "cutoff" i s  revers ib le  and that t h r u s t  
vector ro t a t ion  near the insens i t ive  direct ion would give f i n e  vernier  
control .  For moderate missi le  ro ta t iona l  speeds, an t ic ipa t ion  would be 
required r e su l t i ng  i n  some loss  i n  maximum range. The e f f e c t s  of thrust  
vector r o t a t i o n  on the  miss distances a r e  expressed by r e l a t i v e l y  simple 
equations i n  vector form. The requirements on miss i le  r o t a t i o n a l  speeds 
and the maximum loss  i n  maximum range f o r  various a t t a inab le  ro t a t iona l  
speeds are presented. 

The miss  distance i s  then fixed, independent of the magnitude of 

INTRODUCTION 

I n  the  launch phase of b a l l i s t i c  missiles f i n e  t r a j ec to ry  cont ro l  
i s  achieved by appropriate termination of powered f l i g h t .  
p rac t ice  the t h r u s t  i s  cu t  off when conditions a r e  such t h a t  the subse- 
quent unpowered t r a j ec to ry  in t e r sec t s  the  t a rge t .  
i s  presented i n  t h i s  report  whereby the t h r u s t  vector i s  ro ta ted  t o  the 
in sens i t i ve  d i rec t ion .  The miss distance would then be fixed, inde- 
pendent of the magnitude of t h rus t  and of when o r  how burnout occurs. 

In addi t ion t o  a l l ev ia t ing  t h e  requirement f o r  e laborate  th rus t -  

I n  current  

An a l t e r n a t e  method 
. 

termination devices required of some propulsion systems, the chief ad- 
vantages of t h i s  method a re  that "cutoff" i s  revers ib le  and t h a t  t h rus t  
vector ro t a t ion  around the insensi t ive d i r ec t ion  can be used f o r  vernier  
control .  
very high r o t a t i o n a l  speeds of the thrust  vector are required o r  more 
an t ic ipa tory  ac t ion  must be used. There would then be sane loss i n  the 
maximum range of the miss i le .  

The chief problem i n  the use of t h i s  method i s  that e i t h e r  
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To f ix  the m i s s  distance along some l i n e  a t  the t a rge t ,  the insensi-  
t i v e  direction of t h rus t  i s  shown t o  be noma1 t o  a ce r t a in  defined 
vector,  which i s  i n  the  d i rec t ion  of maximum sens i t i v i ty .  To f i x  the  
m i s s  distance on the two-dimensional surface of the ear th ,  the  t h r u s t  
vector must be normal t o  a p a i r  of vectors.  
t e r i s t i c s  of the unpowered f l i g h t  t r a j ec to ry  and can be calculated i f  
the acceleration along the unpodered f l i g h t  t r a j ec to ry  i s  a known func- 
t i on  of the vector velocity,  vector posit ion,  and t i m e .  The general  
equations derived i n  t h i s  repor t  a r e  thus va l id  unless unpredictable 
forces ,  such as those induced by random winds o r  by the  miss i le  a t t i t u d e ,  
a r e  large. 

These vectors a r e  charac- 
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SYMBOLS 

a c c e l e  ra t i on 

slope of s t r a i g h t  l i n e  i n  El ,E2  plane 

miss distance 

gradient of E i n  ve loc i ty  space, a t  f ixed  pos i t ion  and time 

gradient of E i n  posi t ion space, a t  f ixed  ve loc i ty  and time 

der ivat ive of E with respect  t o  time, a t  f ixed  ve loc i ty  and 
posi t ion 

t h u s  t 

mass 
A A  

normal t o  ?, i n  r , v  plane, i n  d i rec t ion  of increasing y 

completion of right-hand t r ia l  v,nl,n2 
A A  A 

posi t ion 

time 

veloci ty  

time derivative 

azimuth d i rec t ion  measured counterclockwise from south 
- - - 

angle between F and VvE, angle between F and & 

h 

*. 

I-- 
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Y angle between $ and horizontal  plane 

e colat i tude 

W 

I? 
& 

z t i m e  constant f o r  t h r u s t  cutoff exponential decay 

9 longitude 
A 

cp unit vector horizontal  plane, i n  direct ion of increasing cp 

Subscripts : 

min minimum 

0 i n i t i a l  condition 

Vector notations : 

(-1 vector 

(7 u n i t  vector 

(-) (-) vector dot product 

(-) x (-1 vector cross product 

ANALYSIS 

General Equation for M i s s  Distance 

The general features of the  t r a j ec to r i e s  are shown schematically 
i n  f igure  1. The w a v y  l i n e  i s  the powered f l i g h t  t ra jectory.  
l i n e s  a r e  unpowered f l i g h t  t r a j ec to r i e s  f o r  burnout a t  various points  
along the powered f l i g h t  t ra jectory.  If, f o r  example, burnout occurs 
a t  point  A, the  t r a j ec to ry  proceeds from A t o  impact a t  point B. There 
a re  severa l  parameters a t  impact that might be of i n t e re s t ,  such as miss 
distance,  impact velocity,  and s o  on. Figure 1 schematically shows the 
miss dis tance EB. If the acceleration a t  any point  along the unpowered 
t r a j ec to ry  i s  a known function of the vector velocity,  vector posi t ion,  
and t i m e  a t  that point,  then the  impact parameters, such as EB, can be 
considered as functions of the vector veloci ty ,  vector posit ion,  and 
t i m e  a t  point  A, and EB can be writ ten as 

The so l id  
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If burnout occurs a short  time l a t e r  a t  point C, the  t ra jec tory  
proceeds f rom C t o  impact a t  point  D; the  miss distance i s  ED and i s  
given by m 

Then, 

A s  conditions a t  point C a r e  close t o  - those - -  a t  point - A, t he  preceeding 
equation can be expanded i n  terms of 
In  a compact vector notation, the f i r s t - o r d e r  terms a r e  

vc - VA, rC - rA, and tC - tA .  

The argument i s  used t o  indicate  t h a t  t he  der ivat ives  a r e  evaluated 
a t  vA, rA, and t A .  The VJ3 and V$ vectors a re  such t h a t  the pre- 
ceeding expansion would agree with the seven terms obtained i n  the  usual 
expansion of E i n  terms of the  three ve loc i ty  coordinates, th ree  posi- 
t i o n  coordinates, and time. - e f fec t s  of a posi t ion change are separated by the use of 
V g ,  respectively. 

t A  - -  - - 

The e f f ec t s  of a veloci ty  change - and the  
VvE and 

Several special  cases can be derived from the  previous equation. 
I n  f igure 1, point C could be any a r b i t r a r y  condition near point A. 
Then the preceeding equation can be wri t ten as 

This equation i s  the  general l inear ized  - guidance equation expanded 
around some expected burnout point  vA, rA, t A  where EB = 0. Burnout 
should then occur when E = EB = 0 i n  the  preceeding equation. 

If points  A and C a r e  along an ac tua l  f l i g h t  t ra jec tory ,  then i n  
the  l i m i t  as C -* A, 

iz 
I- 

I 

: 
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and 

along t r a j ec to ry  a t  t A  

Then, the  previous equations give 

a t  t A  

(1) 

If the t r a j ec to ry  i s  t h a t  of unpowered f l i g h t ,  

t r a j ec to ry  a t  t A  

= o  

Along t h e  unpowered f l i g h t  t ra jec tory  d E ( t A ) / d t  = 0; t h a t  is, t h e  path 
i s  along A t o  B i n  f igure  1, which has a unique miss distance 
t r a c t i n g  equation ( 2 )  from equation (1) gives 

EB. Sub- 

1 
- - - 

= v$(tA) (aA - aA,unpowered 
along t r a j ec to ry  
a t  t A  

- 
where F i s  t h r u s t  and m i s  mass. 

- - 
Changing the  variables tA, vA, and rA t o  the  general  var iab les  

t, v ( t ) ,  and r(t) yields  the f i n a l  equation 

= T p t )  -3& 
along t ra jec tory  

(4) 
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"he miss distance 
along the powered and unpowered f l igh t  t r a j ec to r i e s .  
distance t h a t  would be obtained i f  there were no t h r u s t  f o r  a l l  t i m e s  
greater  than t. 

E ( t )  = E [ v ( t ) , ? ( t ) , t ]  and i s  defined f o r  a l l  times 
It i s  the  m i s s  

Equation (4)  is  the basis f o r  t h i s  report .  

That i s ,  t he  m i s s  distance would be fixed, independent of 

It i s  evident-t i f  
the direct ion of the t h r u s t  vector were normal t o  the vector 
dE/dt = 0. 
the magnitude of the t h r u s t  and of when or how burnout occurs. 

VvE, then 

It was shown that equation (4) can be writ tgn kf the accelerat ion 
during un-powered f l i g h t  i s  a known function of v, r, and t. For cer- 
t a i n  guidance functions and t o  obtain the  general  requirements on th rus t  
c u t o f f s  t h rus t  vector rotat ion,  only approximate values of dE/dt, and 
thus &E, are required. 
t he  e f f ec t  on the unpowered f l i g h t  t r a j ec to ry  would be small and the 
e f f e c t  on the calculat ion of would be small. The general  form of 
equation (4) would not  hold i f  unpredictable forces,  such as those in-  
duced by random winds or  by the missile a t t i t ude ,  were large.  

If the  t r a j ec to ry  analysis  omitted small forces,  

Two-Dimensional and Radial Miss Distances 

For the ac tua l  two-dimensional miss distances on the ro t a t ing  earth, 
the e r rors  i n  a coordinate system r e l a t i v e  t o  the  t a rge t  f ixed  on the 
earth are  considered ( f ig .  2(a)) .  The two errors ,  E1 and E2, could 
be those i n  l a t i t u d e  and longitude or those down-range and cross-range. 
For each direct ion there  i s  an equation similar t o  equation ( 4 ) .  Thus, 

( 5 )  

To f i x  the  impact point  on the  ro t a t ing  ea r th  requires  a unique t h r u s t  
d i rec t ion  normal t o  the plane of VGl and vG2. 

A A 

If two un i t  orthogonal vectors e l  and e2 are placed i n  the - - 
plane o f  V& and 0 9 2  shown i n  f igure  2(b),  

c 

ry 

c 

t- 
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Equations (5) then become 

c) 

If the th rus t  F(t) l i e s  i n  a plane normal t o  e2, then 
n - 
e2 F ( t )  = 0 and equations (7)  become 

The r a t i o  of -2 t o  dE1 i s  then 

(9 3 

During the  small time in t e rva l  of "cutoff", f o r  which Vpl and V& 
a r e  r e l a t i v e l y  constant, the path i n  the 
l i n e  whose slope b i s  given by 

E1,EZ plane i s  a straight 

Thus, i f  during th rus t  vector ro ta t ion  the th rus t  vector i s  confined t o  
a plane that i s  normal t o  the plane of 
impact points  t r ace  a s t r a igh t - l i ne  path in the  E1,EZ plane. For 
small e r ro r s  this would be approximately a s t r a igh t - l i ne  path on thc 
ear th .  
of the t h r u s t  vector. 

and m, the possible  

The slope of this path depends on the or ien ta t ion  of t he  plane 

For the  r a d i a l  m i s s  distance,  reference i s  made t o  f igu re  2(a)  i n  
which E' = E: + E$, by def ini t ion.  For s m a l l  e r ro r s  E i s  c lose  t o  
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c 

the  r ad ia l  m i s s  distance.  
the E1,E2 plane i n  terms of the slope b and the c loses t  approach t o  
the  or igin 

The general equation of a s t r a i g h t  l i n e  i n  

kn ( f i g .  2(c) )  i s  
U 

where 

o r  

E Z ( t )  = bEl(t) f: v 1 + b Emin (11) 

The general equation f o r  dE/dt may be wri t ten as 

(12)  

A 

d t  = (m el) +: (OVE, g l ~ ] ~ l  z )  
E2 = E: -i= (bE1 Gin)' 

For the  case where Gin = 0, E2 = bE1 and 

t (13) 

where 2 i s  

-- n 
Since VvE1, V,Ez, and e l  a r e  i n  the  same plane, 

and 

. 
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The equation for dE/dt w i t h  b as an independent parameter i s  then 
given by 

For this case i n  which the th rus t  vector i s  confined t o  a plane normal 
t o  the  plane of and and kn = 0, equation (13) or  (14) 
gives dE/dt with e i t h e r  el or  b considered as the  independent 
parameter. The r e l a t ion  i s  

A 

I n  equations (13) and (14) only the  quantity 

t i m e .  
e r ro r  (eq. (4)) i s  apparent. 

G1 var ies  with 

The s imi la r i ty  of these equations t o  t h a t  f o r  the one-dimensional 

- 
Expansion of V$ i n  Various Coordinate Systems 

- 
The vector V$ i s  the gradient of t he  scalar function E and as 

such i s  independent of the coordinate system chosen. 
i n  t h i s  repor$ the coordinate system shown i n  f igure  3 was used. 
unit  vector CP i s  normal t o  r i n  t h e  direct ion of increasing q .  
The ve loc i ty  makesAan angle y with the d i rec t ion  6 .  
n l  i s  normal t o  v i n  the direct ion of increasing y. If 
E = E(r,cp,v,y), then 

For the  examples 
The 

The unit vector 

dF: = E, dr + dq + E, dv + ET dy 

A 

E, dr + % dcP + dv + IT+  dy =v ( d r  r + r dq f )  + 
- 
V$ [dv v + v(dy - dq) tl] 
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Equating coeff ic ients  of the independent d i f f e ren t i a l s  
dy yields 

dr, dq, dv, and 

n 
E, =B,E r 

- - A + = VrE 6 - vvE m l  

E v = P * v  
c 

- c1 % = V$ vn1 

Thus, 

For the  two-dimensional errors ,  the  examples presented i n  this re- 
po r t  used the e r rors  i n  l a t i t u d e  and longitude f o r  E 1  and E2. Each 
e r r o r  i s  expressed funct ional ly  as E = E(r,Q,8,v,Y,a), where cp and 
0 a r e  the longitude and colat i tude,  respectively,  y i s  the  angle be- 
tween velocity and the horizontal  plane, and a i s  the  azimuthal direc- 
t i o n  measured counterclockwise from the  south. By a method similar t o  
that used previously for motion i n  a plane, 

A 

E a  n2 
A 1  A 1 

v COS r = Ev v + - E+- n i  - 
V 

A n ( S A  

The u n i t  vector n l  i s  normal t o  v i n  the piane of (v , r )  and i n  the  
direct ion of increasing y. The u n i t  vector n2 completes the r igh t -  
hand orthogonal triad (v,nl,n2). 

n A  A 

DISCUSS ION 

Comparison of Thrust Cutoff and Thrust Vector Rotation 
- - 

The r e l a t i v e  posi t ions of the  vectors v ( t ) ,  F( t ) ,  and VvE(t)  f o r  
motion i n  a plane a r e  shown i n  f igure  4, near - t he  burnout po in t  f o r  a 
typical  ICBM t ra jec tory .  The angle between v(4) and F(t)near burnout 
i s  probably very small. If the  angle between F ( t )  and vG(t) i s  p ( t ) ,  
equation (4)  can be wri t ten as 

(17)  
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In this form it i s  evident that reducing 
cos p ( t )  t o  zero (i.e., p ( t >  + 90') have corresponding e f f e c t s  on the  
miss distance. 

F ( t )  t o  zero and reducing 

There is  thus a choice of two devices by which t o  f ix  the  miss dis- 
tance. The use of t h rus t  vector ro ta t ion  has cer ta in  possible  advantages 
and disadvantages. Among the  possible advantages are:  

(1) "Cutoff i s  reversible .  

(2)  Thrust vector ro ta t ion  t o  an angle near p = 90° can be used 
f o r  vern ier  control; that is ,  P 90' w i l l  increase E, P > goo w i l l  
decrease E. 

(3 )  Excess th rus t  can be used, instead of wasted; f o r  example, t o  
increase the l o f t  angle of the t ra jec tory  without changing the  miss dis- 
tance. 
be wr i t ten  f o r  any other impact parameter, such as reentry angle, i n  
order t o  ca lcu la te  this e f f ec t .  

An equation exactly s imi la r  t o  that given f o r  miss dis tance can 

(4) For ce r t a in  propulsion systems, such as s o l i d  and nuclear 
rockets, cutoff of t h rus t  may be very d i f f i c u l t .  

(5) The information required by the control  system f o r  proper t h r u s t  
vector ro t a t ion  i s  the same - as that required f o r  t h r u s t  cutoff .  
components of the vector 
f o r  dE i n  terms of dv, d?, and dt.  The missi le  a t t i t u d e  i s  not ab- 
so lu t e ly  required f o r  t h rus t  cutoff bu t  i s  probably ava i lab le  f o r  pur- 
poses of approximate t r a j ec to ry  control.  

The 
VvE occur i n  the  general l inear ized  expansion 

A possible disadvantage i n  the use of t h rus t  vector ro ta t ion ,  as 
shown l a t e r ,  i s  that if it were t o  be used i n  the same way as t h r u s t  
cutoff i s  now used, the required missi le  ro t a t iona l  speed would have 
t o  be of the same order as the reciprocal of the th rus t  cutoff time. 
This would require very high ro ta t iona l  speeds. "his suggests that 
more an t ic ipa tory  ac t ion  would be required f o r  t h rus t  vector ro ta t ion .  
There would then be some l o s s  i n  the  maximum range of the  missi le .  

Equation ( 1 7 )  i s  useful t o  calculate  the miss distance accru&dur- 
ing  the cutoff procedure because, as is  shown l a t e r ,  the  vector 
i s  r e l a t i v e l y  constant around the expected burnout condition. 
considering th rus t  cutoff,  with an exponential t h rus t  decay a f t e r  t i m e  
to with time constant Z 

V*(t)  
Thus, 

F ( t )  = F(t0)e  - ( t - to ) /T  

\ 
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and the i n t e g r a l  of equation (17)  gives 

Considering cutoff by th rus t  vector ro ta t ion ,  beginning a t  
s t an t  p t o  p = goo, gives 

to a t  con- 

A comparison of equations (18) and (19)  shows tkat t i e  reqL;ired 
ro ta t iona l  speed B must be of the  order of 1/T if t h r u s t  vector  ro- 
t a t i o n  i s  t o  be used i n  the same way as t h r u s t  cutoff i s  now used. This 
would indicate  extremely high ro t a t iona l  rates, which suggest t h a t  more 
ant ic ipatory ac t ion  i s  required f o r  t h r u s t  vector ro ta t ion .  There would 
;hen be some loss i n  m a x i m u m  range due t o  this an t ic ipa tory  ac t ion .  If 
P i s  much smaller than l/~, ro ta t ion  must s tart  a t  a time approximately 

(+) - Po 
b 

equal t o  early,  and the loss i n  maximum range i s  approximately 

Some r e s u l t s  of calculat ions from equations (18), (19), and ( 2 0 ) ,  

For t h r u s t  
using IVvE/ values presented l a t e r  f o r  a range of 5400 naut ica l  miles 
and f o r  
cutoff.with a change i n  miss  distance during cutoff of 5 nau t i ca l  miles, 
cutoff time constants of from 15 t o  19 mill iseconds a r e  required.  For 
th rus t  vector  ro t a t ion  t o  be used i n  the same manner as cutoff ,  extremely 
high ro t a t iona l  rates of from 52.6 t o  66.7 radians per second would be 
required. For more moderate ro t a t iona l  rates, an t i c ipa t ion  i s  required 
and the corresponding m a x i m u m  loss i n  maximum range i s  shown i n  t a b l e  I. 
It i s  believed t h a t  average ro t a t iona l  r a t e s  grea te r  than 2 radians per  
second a r e  feas ib le ,  which would m e a n  less than a 100-nautical-mile l o s s  
i n  maximum range. 

Bo = Oo, Fo/% = log, are presented i n  table I. 

For the  two-dimensional e r ro r s  on the  ro t a t ing  ea r th  the functions 
E 1  and E2 are considered t o  be the e r r o r s  i n  l a t i t u d e  and longitude, 
respectively.  For the  - t h r u s t  vector confined t o  a plane normal t o  the 
plane of VvEl and VvEz and or ien ta ted  so  t h a t  the  possible impact 

c 

.) 



c 

c 

points on the  ea r th  t r ace  a s t r a igh t  l ine  through t h e  or ig in  on the  
E1,Ez plane, equation (14) appl ies  t o  the  radial e r r o r  E. If p i s  
the angle between F and el, - 

The parameter b represents the a rb i t r a ry  i n i t i a l  condition 

0 

For th rus t  vector ro ta t ion  a t  constant 
ro ta t ion  i s  

p, the  e r r o r  accumulated during 

(22)  
b 

For moderate p, an t ic ipa t ion  i s  required and ro t a t ion  must start a t  a 

ear ly ,  and the  loss i n  maximum 
( d 2 )  - Bo 

i t i m e  approximately equal t o  

range i s  approximately 

Some re su l t s  of calculations f rom equations (22) and (23) using 
values of 
and Fg/mo = log a r e  presented i n  table  11. If the  i n i t i a l  conditions 
a r e  such t h a t  there  i s  no cross-range e r r o r  (b = -)  the  r e s u l t s  are the  
same as for motion i n  a plane (table I). If there  i s  no i n i t i a l  down- 
range error (b = 0) ,  the requirements on ro t a t iona l  speeds a r e  reduced 
by a f ac to r  of 6.6. 

and V$l2 for a range of 5150 naut ica l  miles, Po = Oo, 

- 
Calculations of V$ 

VvE 
- 

The components of the vector were calculated for both planar  
motion on a nonrotating ear th  and f o r  the two-dimensional e r ro r s  on the  
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ro ta t ing  ear th .  A s  the  calculat ions were made merely t o  study the  f eas i -  
b i l i t y  of t h rus t  vector ro ta t ion ,  idea l ized  conditions were assumed where 
the  oblateness of the ear th  and reent ry  drag were ignored. 

- 
- 

For planar motion the components of vvE a r e  formed from the  
p a r t i a l  der ivat ives  of the  range equation with respect  t o  burnout con- 
d i t ions  f o r  various burnout conditions. For the  two-dimensional e r ro r s  
on the  ro t a t ing  ear th ,  IBM 704 d i g i t a l  computer solut ions were obtained 
f o r  the basic  t r a j ec to ry  equations and the corresponding ad jo in t  equa- 
t ions .  The end conditions i n  the  solut ion of the adJoint  equations 
d i r ec t ly  give - the  p a r t i a l  - derivat ives  t h a t  are used i n  forming the  com- 
ponents of CvEl and VvEz. The conservation of energy, the conserva- 
t i o n  of angular momentum, and the  f i r s t  i n t e g r a l  of the  ad jo in t  equations 
w e r e  used as checks on the numerical solut ions.  

I 
!- 
C 
0: 

For planar  motion, f igures  5 and 6 give I I and aE/& p lo t t ed  
against  burnout ve loc i ty  with l i n e s  of constant y and l i n e s  of constant 
range. 
tween the ve loc i ty  vector and VvE i s  

A burnout a l t i t u d e  of 110 - naut ica l  miles i s  used. The angle be- 

If the  th rus t  d i rec t ion  i s  known r e l a t i v e  t o  the  veloci ty ,  the  angle 
between the  t h r u s t  vector and VvE can then be found. 

p 
I, - 
4 

An inspect ion of f igure  5 a t  a y of 30' and a range of 5400 
naut ica l  miles reveals  that f o r  a change i n  ve loc i ty  a t  a constant y 
of 300 f e e t  per second, corresponding t o  an a c c e E a t i o n  of l o g ' s  f o r  
about 1 second, there  i s  a 3 percent change i n  1 VvE I .  
appears t h a t  the assumption of a r e l a t i v e l y  constant 1 VvE I during 
"cutoff 'I i s  va l id .  

From t h i s  it - 

. 
It w a s  seen t h a t  the required p or l/'c i s  proportional t o  

1-1. Figure 5 reveals  t h a t  although lrcutoff" must be f a s t e r  f o r  the 
longer ranges there  i s  only a f ac to r  of about 4 i n  comparing 5400- and 
1800-nautical-mile ranges a t  points  of minimum burnout veloci ty .  For 
t he  5400-nautical-mile-range l i ne ,  the  lof ted ,  higher ve loc i ty  tra- 
jec tory  w i l l  - help a l l e v i a t e  cutoff.  
minimum lVvEl and minimum burnout ve loc i ty  almost coincide. 

For the  1800-nautical-mile range, 

For the  two-dimensional e r rors  on the  ro t a t ing  ear th ,  f i gu res  7 
and 8 give 1 v J 3 ~  I and I v+ 1 p lo t t ed  aga ins t  range f o r  l i n e s  of constant 
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impact veloci ty  (neglecting reentry e f fec ts ) .  
burnout a l t i t u d e  of 110 naut ica l  miles and an impact ve loc i ty  f o r  t he  
basic  t ra jec tory  due e a s t  (a = 90'). 
the  equator, and the dashed l i n e s  indicate impact a t  a l a t i t u d e  of 45'. 
For these cases, the angle between the  two vectors VvEe and VvEQ i s  
extremely close t o  90'. 

The case shown i s  f o r  a 

The so l id  l i n e s  ind ica te  impact a t  
- - 

The cross-range - sens i t i v i ty  i s  not very dependent on range, giving 
values of I VvEe I f rom 750 t o  1000 seconds f o r  ranges from 1200 t o  5000 
naut ica l  m i l e s .  The down-range sens i t i v i ty  i s  similar t o  that for 
planar motion. For low ranges (e.g., 1200 naut ica l  m i l e s )  the  two 
s e n s i t i v i t i e s  a re  about equal. 
miles) the  down-range s e n s i t i v i t y  i s  greater by a f ac to r  of about 6, as 
previously noted. 

For large ranges (e.g., 5000 nau t i ca l  

SUMMARY OF RESULTS 

In  a study of an a l te rna te  method t o  thrus t  termination f o r  b a l l i s t i c  
missi les  whereby the th rus t  i s  rotated t o  the insens i t ive  d i rec t ion  the 
following r e s u l t s  were obtained: 

1. The f e a s i b i l i t y  of using thrust  vector ro t a t ion  t o  the  insensi-  
t i v e  d i rec t ion  f o r  cutoff of b a l l i s t i c  missiles i s  shown. 

2. Among the chief advantages of t h i s  method are: 

(a) Elaborate t h r u s t  termination devices a r e  avoided. 

(b) "Cutoff i s  reversible ,  

(c )  Thrust vector ro ta t ion  near the insens i t ive  d i rec t ion  can 
be used f o r  vernier control.  

(d) Excess th rus t  might be used t o  improve some other impact 
o r  t r a j ec to ry  parameter. 

(e )  The information required f o r  proper t h r u s t  ro t a t ion  i s  
the  same as that required f o r  th rus t  cutoff .  

3. The chief problem of t h i s  method would be that f o r  moderate 
miss i le  ro t a t iona l  speeds there  would be some loss  i n  maximum range. 

4. A r e l a t ive ly  simple equation i s  derived expressing the  e f f e c t  
of t h r u s t  vector ro ta t ion  on the miss distances. For t he  two-dimensional 
e r ro r s  on the ro ta t ing  ear th  there i s  a unique d i rec t ion  of th rus t ,  
normal t o  two defined vectors, which f ixes  the impact point  on the  earth.  
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If during t h r u s t  vector ro t a t ion  the  t h r u s t  vector i s  confined t o  a 
plane t h a t  i s  normal t o  the  plane of these two defined vectors,  then the 
possible impact points  t r a c e  a s t r a igh t - l i ne  path on the ear th .  

5. The requirements on t h r u s t  cutoff times and miss i le  r o t a t i o n a l  
speeds were compared. The extremely high r o t a t i o n a l  speeds required in-  
d ica te  that an t ic ipa tory  ac t ion  would be used. 
l o s s  i n  maximum range, f o r  a 5400-nautical-mile missile, would be l e s s  
than 100 naut ica l  miles i f  miss i le  ro t a t iona l  speeds grea te r  than ‘2 
radians per  second were available. 

The r e su l t i ng  maximum 
t 

L e w i s  Research Center 
National Aeronautics and Space Administration 

Cleveland, Ohio, August 21, 1958 
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TABLE: I. - RESULTS OF CALCULATIONS FROM 

EQUATIONS (la), (19), AND (20) 

[Range, 5400 naut ica l  miles; Po = 0; 

thrust-mass r a t i o ,  Fo/mo = log.] 

m u s t  cutoff 

Eimpact - EO, 
naut ica l  

m i l e  

5 
5 

Path 
angle, 

deg 

22 
30 

Required 
time 
con s tan t ,  

2, 
sec 

0.015 
.019 

Thrust vector ro ta t ion  

‘impact - EO, 
naut ica l  

m i  l e  

5 
5 

Maximum 
loss i n  
maximum 
range , 

naut ica l  
m i  l e  

25 
50 

100 

22 
30 

Required 
ro t a t iona l  
r a t e  

radian/sec 
b, 

66.7 
52.6 

Required 
ro t a t iona l  
rate 

radian/sec 
8, 

7.6 
3.8 
1.9 



. 

.. 

Slope, 
b 

0 
1 
Q 

Slope, 
b 

TABU3 11. - RESULTS OF CALCULATIONS 

FROM EQUATIONS ( 2 2 )  AND (23 )  

[Range, 5150 naut ical  miles; PO = 0; 

thrust-mass r a t i o ,  Fo/mo = log a t  
impact; e = 45O, y = ZOO, a = 90'. 3 

Required 
rota t i onal 
r a t e ,  

radian/s ec 

10 13 
14.16 
66,9 

Required 
r o t a  ti onal 
r a t e ,  

radian/sec 

0 

P, 

8, 

Eimpact - EO, 
naut ical  

m i  l e  

5 
5 
5 

Maximum 
l o s s  i n  
maximum 
range, 
naut ical  

mile 

25 
50 
100 

. 
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I w 

TPowered t r a j e c t o r y  

t 

L- 

Burnout F 
\ 

Kbpc t poin ts  

Figure 1. - Schematic drawing of general features of t r a j e c t o r i e s .  
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-Target 

A 

e2 

-Missile 

(a) Er ro r s  i n  coordinate system re la t ive  
t o  target fixed on the ear th .  

- - 
(b)  Plane of VvEl and VvE2 at  

missile posi t ion.  

i n  

E1 

( c )  Path of possible m i s s  distances when thrus t  vector i s  confined t o  
plane normal t o  plane of VvE1, VvE2. 

Figure 2. - Two-dimensional m i s s  distances and vector s ens i t i v i t i e s .  

n 
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Figure 3. - Coordinate system used 
i n  examples of  planar motion. 

Figure 4. - Relative direct ion - 
of vector sens i t iv i ty  V,E 
near burnout fo r  typ ica l  case. 
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